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Abstract 



f-H ' We compute the first cohomology of the ortosymplectic Lie superalgebra osp(l|2) on 

j^V^ the (l,l)-dimensional real superspace with coefficients in the superspace of bilinear 

differential operators acting on weighted densities. This work is the simplest superization 
of a result by Bouarroudj [Cohomology of the vector fields Lie algebras on RP 1 acting 
on bilinear differential operators, International Journal of Geometric Methods in Modern 
Physics (2005), 2; N 1, 23-40]. 
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ON 

\o 

f""! 1 1 Introduction 

The space of weighted densities of weight A on 1 (or A-densities for short), denoted by: 
i — i 

Tx = {fdx\ /eC°°(M)}, AGR, 

> ' 

is the space of sections of the line bundle (T*R)® . The Lie algebra Vect(R) of vector fields 
Xfr = h-4;, where h E C°°(R), acts by the Lie derivative. Alternatively, this action can be 
written as follows: 

X h ■ (fdx x ) = L\ h (f)dx x with L\ h (/) = hf + Xh'f, (1.1) 

where /', h' are ■±-, Each bilinear differential operator A on R gives thus rise to a 
morphism from T\ % T v to J 7 ^, for any A, v, fx G R, by fdx x ® gdx u i— > A(f ® g)dx tl . The Lie 
algebra Vect(R) acts on the space D^ iiy;At of these differential operators by: 

X h -A = L» Xh oA-AoL {x f (1.2) 
where Lj£ is the Lie derivative on T\ ® T v defined by the Leibnitz rule: 



Lxf (f®9) = L x Xh (/) ® g + f <g> L\ (g) . 
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If we restrict ourselves to the Lie algebra sl(2) which is isomorphic to the Lie subalgebra of 
Vect(R) spanned by 

{Xi, X x , X x z} , 

we have a family of infinite dimensional s[(2)-modules still denoted by Bouarroudj, 
in [3J, computes the cohomology space H^ iff (s[(2), Dx,^) where H^ iff denotes the differential 
cohomology; that is, only cochains given by differential operators are considered. 

In this paper we are interested in the study of the analogue super structures. More 
precisely, we consider here the superspace R 1 ' 1 equipped with the standard contact structure 
given by the 1-form a = dx + 9d8, we replace s[(2) by its analogue in the super setting, 
i.e the orthosymplectic Lie superalgebra osp(l|2) which can be realized as a subalgebra of 
the superalgebra /C(l) of contact vector fields. We introduce the superspace of A-densities 
on the superspace R 1 ' 1 (with respect to a) denoted by 3a and the superspace 3a iV;) , of 
differential bilinear operators viewed as homomorphisms from dx^du to The superalgebra 
osp(l|2) acts naturally on 3a and Sa,i/;^- We compute here the first cohomology spaces 
R\ m (osp(l|2),sl(2); T>\^) and H^ ff (osp(l|2),5) AiI/;/Lt ), A, v, y, G R, getting a result very close 
to the classical one HLj (st(2), D,\ „.„). Moreover, we give explicit formulae for non trivial 
1-cocycles which generate these spaces. 

These spaces appear naturally in the problem of describing the deformations of the 
osp(l|2)-modules S)^ )I/;/Lt . More precisely, the first cohomology space H 1 (osp(l|2), V) classifies 
the infinitesimal deformations of an osp(l[2) module V and the obstructions to integrability 
of a given infinitesimal deformation of V are elements of H 2 (osp(l|2), V). 

2 Definitions and Notation 

2.1 The Lie superalgebra of contact vector fields on M 1 ' 1 

We define the superspace R 1 ! 1 in terms of its superalgebra of functions, denoted by C 00 ^ 1 ! 1 ) 
and consisting of elements of the form: 

F(x,6) = f (x) + f 1 (x)6, 

where x is the even variable, 9 is the odd variable (6 2 = 0) and fo(x), fi(x) G C°°(R). Even 
elements in C 00 ^ 1 ' 1 ) are the functions F(x,9) = fo(x), the functions F(x,9) = 6f\(x) are 
odd elements. The parity of homogenous elements F will be denoted [jF[. We consider the 
contact bracket on C 00 ^ 1 ! 1 ) defined on C°°(R 1 I 1 ) by: 

{F, G} = FG' - F'G + ±rj(F)rj(G), 

where r/ = JL + 9-^ and rj = — 9-^. The superspace R 1 ' 1 is equipped with the standard 
contact structure given by the following 1-form: 

a = dx + 9d9. 

Let Vect(R 1 ' 1 ) be the superspace of vector fields on R 1 ! 1 : 

Vect(R 1 l 1 ) = {f 8 x + F^e \ F e ^(R 1 ! 1 )} , 
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where dg stands for ™ and d x stands for and consider the superspace /C(l) of contact 
vector fields on M. 1 ' 1 . That is, /C(l) is the Lie superalgebra of conformal vector fields on M 1 ! 1 
with respect to the 1-form a: 

£(1) = {l£ VectQR 111 ) | there exists H G C°°(R 111 ) such that £ x (a) = 

where £x is the Lie derivative along the vector field X. Any contact vector field on R 1 ! 1 has 
the following explicit form: 

X H = Hd x + lv(H)rj, where H G C 00 ^ 1 ! 1 ). 

The bracket on fC(l) is given by 

[Xf, X g ] = X^ G y 

2.2 The subalgebra osp(l|2) 

The Lie algebra sl(2) is realized as subalgebra of the Lie algebra Vect(M): 

s[(2) = Span(X 1 , X x , 

Similarly, we now consider the orthosymplectic Lie superalgebra as a subalgebra of fC(l): 

05p(l|2) = Span(Xi, X x , X x 2, X x6 , X e ). 

The space of even elements is isomorphic to sl(2), while the space of odd elements is two 
dimensional: 

(osp(l|2))j = Span(X, e , Xg). 
The new commutation relations are 

[X x 2,Xg] = — X x g, [X x ,Xg] = —\Xg, [X\, X$] = 0, 
[X x 2,X x g] = 0, [X x ,X x g] = lX x 0, [Xi,X x $] = Xg, 

[X x g,Xg] =\X X , [Xg,Xg] =\X\, [X x g, X x g] = \X X 2 . 

2.3 The space of weighted densities on M 1 ' 1 

We have analogous definition of weighted densities in super setting (see [I]) with dx replaced 
by a. The elements of these spaces are indeed (weighted) densities since all spaces of general- 
ized tensor fields have just one parameter relative /C(l) — the value of X x on the lowest weight 
vector (the one annihilated by Xg). From this point of view the volume element (roughly 
speaking, "cfajs") is indistinguishable from a5. We denote by the space of all weighted 
densities on M 1 ' 1 of weight A: 

$ x = \F(x,0)a x I F(x,9) G C 0O (R 1 ' 1 )| . 

As a vector space, is isomorphic to C 00 ^ 1 ' 1 ), but the Lie derivative of the density Fa x 
along the vector field Xh hi JC(1) is now: 

Z XH (Fa x ) = £ XH (F)a\ with £ Xh (F) = £x H (F) + XH'F. 
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Or, if we put H[x,0) = a{x)+b(x)9, F{x,9) = f (x) + f 1 (x)e, 

Zx H ( F ) = L adMo) + \Mi + + A/ b' + \f'A 9. 

Especially, we have 

and (2.3) 

, z x jh) = (w + \me z x jm = ¥h. 

Of course, for all A, 3a is a /C(l)-module: 

[£x F i£x a ] = £{x F ,x G }- 

We thus obtain a one-parameter family of /C(l)-modules on C 00 ^ 1 ' 1 ) still denoted by 

2.4 Differential operators on weighted densities 

A differential operator on IK. 1 ' 1 is an operator on C 00 ^ 1 ' 1 ) of the following form: 

e t 
A = Y^ ai(x, 0)dl + h(x, 9)8%. 

i=0 i=0 

In [3], it is proved that any local operator A on R 1 ' 1 is in fact a differential operator. 

Of course, any differential operator defines a linear mapping from 3a to 3^ for any A, 
/ieR, thus, the space of differential operators becomes a family of /C(l) and osp(l[2) modules 
denoted 2)a,u> f° r the natural action: 

I,.4 = 4 fl oi-(-lpUo4 ff . 

Similarly, we consider a family of /C(l)-modules on the space Dx^-^ of bilinear differential 
operators: A : 5a <8> $v — > 3> with the /C(l)-action 

x H ■ a = z Xh o a - o 4 A ;), 

where £^fj^ is the Lie derivative on 3 a ® 3k defined by the Leibnitz rule: 
4 A ^(F <g> G) = £ Xh (F) ®G+ (-1) WIf £ Xh (G). 

3 The space Hj iff (osp(l|2), 
3.1 Cohomology 

We will compute the first cohomology space of osp(l[2) with coefficients in D\ tU ;ii- Let us first 
recall some fundamental concepts from cohomology theory (see, e.g., [3]). Let g = gg ©0i be 
a Lie superalgebra acting on a superspace V = Vq ffi V± and let f) be a subalgebra of g. (If f) 
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is omitted it assumed to be {0}.) The space of f)-relative n-cochains of g with values in V is 
the g-module 

The coboundary operator 5 n : C n (g, f); V) — > C n+1 (Q, f); V) is a g-map satisfying 5 n o5 n -i = 0. 
The kernel of 5 n , denoted Z n (Q, f); V), is the space of f)-relative n-cocycles, among them, the 
elements in the range of <5„_i are called f)-relative n-coboundaries. We denote B n (g, t); V) the 
space of n-coboundaries. 

By definition, the n th f)-relative cohomolgy space is the quotient space 

R n ( 9 ,t ) ;V) = Z n (Q,t ) ;V)/B n (e,t ) ;V). 

We will only need the formula of S n (which will be simply denoted 5) in degrees and 1: for 
v G C°(fl, I); V) = V\ 5v{g) := (-l)Kj)pW fl . Vj where 

^ = {t;ey | /i • v = for all h G h}, 

and for T G C 1 ^,^), 

«5(T)( 5 , ft) := (_i)P(sWT) fl . T(/l) _ ( _ 1) p(/ 1 )(p( J )^(t)) /i . T(s) _ T([5) h]) forany ff)/lG0 . 
3.2 The main theorem 

We will prove that non-zero spaces H^ iff (osp(l|2), Dx,^) on ly appear if 2(/j — A — v) G N. 
Moreover, if /x — A — v is integer then H^ ;ff (o5p(l|2), 2?a,^;^) is purely even and if /i — A — v is 
semi-integer then H^ ;ff (osp(l|2), Dx is purely odd. 

Definition 3.1. 

1) We say that (A, is, fx) is resonant if n — A — is — I = k with k G N, and 

(A, i/) = (—§,— |), w/tere s, t G {0, . . . , k} and s + t>k. (3.4) 
We say that (A, v, u) is weakly resonant i/|i-A-i/£N oti£ (A, z/, /it) is not resonant. 

2) We say that (A, is, u) is super resonant if fi — A — is — 1 = k with k G ^N, and 

(A, i/) = (-§,-§), w/iere s, i G {1, . . . , [&]} and s + i > [k + \] + 1. (3.5) 

We say that (A, is, u) zs weakly super resonant if n — A — z/ = /c + lG ^N, and 

(A, i/) = (-§, -|), a, t G {0, . . . , [k] + 1} => s + t < [k + \\. (3.6) 

Remark 3.2. The super resonance (respectively, weakly super resonance) of (X, is, fx) express 
the resonance (respectively, weakly resonance) of : 

• (A, is, u), (A + \, v + \, n), (A + \, is, u + ^) and (A, v + ^, /x + \) if jj, — A — is is integer. 

• (A, is, (A+rj, is+\, (^+5) ^ A*) anc ^ u +\ih L ) if fJ> — X — is est semi-integer. 
The main result in this paper is the following: 
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Theorem 3.1. 



Hi iff (o 5 p(l|2),S) A) ^) 



if (A, u, /i) is super resonant, 

if (A, ^, /i) is weakly super resonant. 



The proof of Theorem 13.11 will be the subject of Section [H Moreover, explicit formulae for 
non trivial 1-cocycles generating the corresponding cohomology spaces will be given. We will 
show that the spaces H ( ! liff (osp(lj2), £>a,i/;/J and 11^(5 1(2), Da,^) are closely related. There- 
fore, for comparison and to build upon, we need to recall the description of H\ iS (sl(2), D Ai , ;/ J. 
Of course, there are some cases of (A, v, /i) which are neither super resonant nor weakly super 
resonant, these cases will be studied in Section [3 

3.3 The space Hi iff (s[(2),D A 

For the sake of simplicity, the elements fdx x of T\ will be denoted /. Any 1-cochain c G 
-^diffC 5 ^)' Da,i/;/i) should retains the following general form: 



c(X h , f,g)=J2 <*ijhf®g® + E PijtifVg® + E 7i>7 (< ¥ 



,Cf) 

m »j »j 

So, for any integer k > 0, we define the /c-homogeneous component of c by 

c k (X h ,f,g)= <Xijhf®9 U) + E Wf®9 l3) + E Ti^W- 

i+j=k i+j=k—l i+j=k—2 

Of course, we suppose that 7^ = if k G {0, 1} and f3ij = if k = 0. The coboundary map 
5 is homogeneous, therefore, we easily deduce the following lemma: 

Lemma 3.2. Any 1-cochain c G C^ iff (sl(2), D A is a 1-cocycle if and only if each of its 
homogeneous components is a 1-cocycle. 

The following lemma gives the general form of any homogeneous 1-cocycle. 

Lemma 3.3. Up to a coboundary, any (k + 2) -homogeneous 1-cocycle c G Z diff (sl(2), D Ai ,.„) 
can be expressed as follows. For all f G Fx, g G J- v and for all Xh G sl(2): 

fc+i k 
c(X h J,g) =E/W ( V +1 ^ +5>>i7 ( V fc - i) , (3-7) 

i=0 i=0 
where Pi and 7, are constants satisfying: 

2(ji - X - v - k - l)7i + (i + l)(i + 2A)A+i + (fc + 1 - - i + 2i/)A = 0. (3.8) 

Proof. Any (A; + 2)-homogeneous 1-cocycle on st(2) should retains the following general 
form: 

fe+2 fc+1 fc 

C (x h , /, 5 ) = e athf^^ + e a^V* 1-0 + E ^ W*-° , 

i=0 i=0 i=0 
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where ai, Pi and ji are, a priori, functions. First, we prove that the terms in h can be 
annihilated by adding a coboundary. Let b : F\ X T v — ► ^ be a bilinear differential operator 
defined by 

k-\-2 

b(f,g) = J2^f {t) 9 {k+2 - t \ 

i=0 

where / G F\, g ^ J- v and the coefficients bi are functions satisfying 
Then, for all e sl(2), we have 

fc+2 fc+2 

o&(X h , /, <?) = Y, a i h f (i) 9 {k+2 ~ l) + I> — A — i/ — A; — I^aV/W^ 2 ^ 

i=0 i=0 
fc+1 

+ + 2A )^+l + + 2 - 0(* + 1 - * + 2v)k,)h"fWg(k+l-i). 

i=0 

We replace c by c = c — 5b and then we see that the 1-cocycle c does not contain terms in 
h. So, up to a coboundary, any (k + 2)-homogeneous 1-cocycle on sl(2) can be expressed as 
follows: 

fc+1 fe 

c (x /t ,/, 5 ) = ^A/*7 (i V fc+H +E7i^7 (i V M . 

i=0 i=0 
Now, consider the 1-cocycle condition: 

cQX/^X^ ],/,£/) - X hl -c(X h2 ,f,g) + X h2 -c(X hl ,f,g) = 

where / € .Fa, 3 6^1/ and X/, 15 € s((2). A direct computation proves that we have 

£(/%) = £(7m)=0 

and 

2(^x - A - i/ - A; - + (i + 1)(« + 2A)A+i + (A; + 1 - *)(* - i + 2i/)# = 0. 

□ 

Corollary 3.3. If fx — X — u ^ A; + l, where k-\-l G N, t/ien any (k + 2) -homogeneous 1-cocycle 
c € Zjj iff (s((2), Da^;^) is a coboundary. Especially, iffx — \ — v = k + l then any 1-cocycle 
c £ Zjj iff (sl(2), Da,^) is, up to a coboundary, (k + 2) -homogeneous and if ll — A — z/^N i/ien 
Hl. ff ( S [(2),D v . M )=0. 



Proof. If/i — A — z/^fc + lwe can easily show that the 1-cocycle c defined by (|3.7p is 
nothing but the operator 5b where 



fc+i 





Kf,g) = r r—rY.^9^ 1 

ix — A — v — k — 1 ^— ' 



i=0 

□ 
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Theorem 3.4. flE/) 

R 3 if (A, v, n) is resonant , 
Hjjg (sl(2), ~ ^ R if(X,u,fi) is weakly resonant , 

otherwise. 

Proof. Let \x — A — v = fc + 1; where fc + 1 G N, then, according to Corollary 13.31 any 
n-homogeneous 1-cocycle c S Z^ iff (s((2), Da w ), where n ^ k + 2, is a coboundary. Thus, 
we consider only the (fc + 2)-homogeneous 1-cocycles given by Lemma 13.31 In this case, the 
relation (13.81) becomes: 



(i + l)(i + 2A)/3 i+ i + (fc + 1 - i)(k - i + 2v)fc = 0. (3.9) 

Let 

K/ ! 5) = E^/ ( ^ (fc+1 ~' ) - 

i=0 

By a direct computation we have 

fc 

<56(X fc , = "2 E ((* + W + 2A ) 6i +! + (* + 1 " 0(* - « + 2v)h)h"f^g^\ 

8=0 

So, we are in position to complete the proof as Bouarroudj did in [2]. We recall here the 
(slightly modified) explicit expressions of the 1-cocycles given in [2]. Hereafter, {^j ls ^ ne 

standard binomial coefficient: {^j = ~ that makes sense for arbitrary x £ R. 

Case 1: (A, u, fi) is weakly resonant. In this case, the corresponding cohomology space 
is one-dimensional, generated by the 1-cocycle a defined as follows: 
(i) If A / -§, where s € {0, . . . , fc}, then 



a(^,/,,) = E("t 1 ) ( 2 \ + ") ("f)" (3-10) 

(ii) If v 7^ — |, where f 6 {0, . . . , fc}, then 

-g^t 1 ) (»+_*.) (^n^Vv— > (3.U) 

(iii) If A = — | and v = — | , where 5, £ € {0, ... , fc} but 5 + £ < fc, then 

fc— i 

a(X h ,f,g)= J2 (-^Ct 1 ) (* 7-7-7 ^ h 'f®9 {k+1 ~ i) - (3-12) 
i=s+l ^ / \ 



Observe that if /x — A — i^ = then (A, /i) is weakly resonant since /u — A — v E N but 
fj, — A — — l^N. In this case, the set {0, . . . , fc} is empty, so we are in the situations (i) 
and (ii) and the 1-cocycle o is then defined by a(AT^, /, g) = h'fg. 
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Case 2: (A, u, /i) is resonant. That is, A = — | and v = — | , where s, t 6 {0, . . . , fe} with 
s + t > k. In this case, the corresponding cohomology space is three-dimensional, generated 
by the 1-cocycles b, c and d defined as follows: 

b(X h J,g)=h"f^g^, (3.13) 

c(^,/, ff )=t("t 1 ) (V) (0 "Vv*^, ( 3 - 14 ) 

^>/>*)= jcCt 1 ) G+i-i)" 1 ^^- (3 - i5) 

Observe that if (A, v) = (-§, -^), where s e {0,..., k}, then (c+d){X h , f, g) = ti (f g)( k+1 \ 

□ 

3.4 Relationship between Hj iff (osp(l|2),S) V;M ) and f4 ff (s[(2), D V;M ) 

We need to present here some results illustrating the analogy between the cohomology spaces 
in super and classical settings. 

Proposition 3.4. 

1) As a sl(2) -module, we have 

5 A ~f A en(f A+ i) and Mp(l|2)~«[(2)©n(W), 
where TC is the subspace of T_x spanned by {dx~?,xdx~2\ and IT is the change of parity. 

2 

2) As a sl(2) -module, we have for the homogeneous relative parity components: 



(3.16) 

(S Vi/i )i ^ n (D Ai „.^i © D A+ x ^1.^1 © D AiI/+1;m © D A+ i „ J . (3.17) 



2 " 1 2 >" 1 2 "* 1 2 2 " 1 2 ' 

Proof. 1) The first statement is immediately deduced from (|2.3p . 

2) It is well known that if M = Mq © Mj and N = Nq® N\ are two g-modules, where g 
is a (super)algebra, then Hom(M, N) is a g-module, where the homogenous components are 

Hom(M, N) Q = Hom(M 5 , M 5 )ffiHom(M I , JVj) and Hom(M, i\T)j = Hom(M 5 , A^ i )ffiHom(M i , jV 5 ) 

and the g-action on Hom(M, N) is given by 

(X.A)(x) = X.(A(x)) - (-l)\ A \WA(X.x). 

Moreover, if : M —* M' and <f>2 ■ N — > N' are two g-isomorphisms, then the map 
: Hom(M, N) -» Hom(M', N') defined by 

^(A) = <p 2 o A o yjT/ 1 

is a g-isomorphism. In our situation, as a sl(2)-module, we have for the homogeneous relative 
parity components: 



(foa&Oa ^ A ®^©n(^ A+ i)®n(^ + i 
(3a®&/)i - n(^ A+ i)®JveA®n(^ + l 
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So, we deduce the two homogenous relative parity components of ^x,u;^ as a sl(2)-module. 
In fact, we have the following isomorphisms: 



Hom difr ^n(^ A+ i)®n(^ + i), T») -+ D A+ i >I/+ i ;/i) A » A o (II® II), 
Honidiff^^n^i), n(^ + i)) -► D Al/+ i. M+ i, A ^ UoAo(Id^U), 

Hom diff (n(f A+ i)®^, n(^ + i)) - d a+ ,^ + i, a ^ noio(n®4 

' Homdiff (^®^,n(^ + i)) ->n(D AiWi/1+ i), n(noi), 

Hom diff (n(j- A+ i)®n(^ + i),n(j- M+ i)) ->n(D A+ i iI/+ i. M+ i), n(no Ao (n® n)), 

Hom diff (j- A ®n(^ + i),^) -> n(D AiI/+ i ;/1 ), n(Ao(/rf®n)), 

k Hom diff (n(j- A+ i)®^,^) - n(D A+ i il/iM ), n(Ao(n®/rf)). 

□ 

Now, in order to compute H 1 (osp(l|2), we need first to describe the s((2)-relative 
cohomology space H ( l liff (osp(l|2),s[(2); 2?a,^;^)- So, we shall need the following description of 
some s((2)-invariant mappings. 

Lemma 3.5. Let 

A:H® T X ®J= V (fi{dx)-\j{dxf,g{dx) v ) ^ A{h, f , g)(dxY 

be a trilinear differential operator. If A is a nontrivial sl(2) -invariant operator then 

li, = \ + v + k — |, where k G N. 
For k > 2, the corresponding operator A^ is of the form: 

k k-l 

A k (hJ,g) = ^c i hf^g^ + ^[(i + l){i + 2X)c i+1 + {k-^ 
i=0 i=0 

where the Ci are constant characterized by the following recurrence formula: 

(i + 1)0 + 2)(* + 2A)(i + 2A + l)c i+2 + 2(i + l)(fc - i - l)(i + 2A)(ft - i - 2 + 2^)c 4+ i 

(3.18) 

+ (k-i- l)(fc - - i - 2 + 2i/)(fe - i - 1 + 2u)a = 0. 
For = 0, 1, we have 

A (h,f,g)=c hfg and A ± (h, f, g) = c hfg + c x hf g + (2Xc 1 + 2uc )h' fg. 

Proof. Obviously, the operator A is sl(2)-invariant if and only if each of its homogenous 
components is sl(2)-invariant. Moreover, the invariance with respect the vector field X\ = d x 
yields that A must be expressed with constant coefficients. Thus, let k € N and consider 

k fc-i 
A k (h, /,<?) = E c ^f {i) 9 {k - l) + E ditif^g^-V , 
i=0 i=0 
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where the q and d{ are constants. The invariance property of A with respect any vector fields 
Xp reads: 

F(A(h,f,g)y + fiF'A(hJ,g) = A(Fh' — \F'h, f, g) + A(h, Ff + XF'f, g) 

+ A(h,f,Fg> + „F'g). ^ } 

Consider any non vanishing coefficient q and consider terms in F'hf^g( k ~ 1 ^ in f)3. 19j) . we get 

H=\+v+k— \. 

Considering respectively terms in F" hf^ g^' 1 ^ and (for k>2) F"h' /Wg( fc ~ i_2 ) yield 



di = (i + + 2X)a +1 + (k - i)(k + 2u)a (3.20) 

= (i + + 2X)d i+1 + (k — i){k - i - 1 + 2v)di. (3.21) 

Combining (|3.20p and (|3,2ip we have (|3.18p . Under these conditions we check that the 

operator A^ is sl(2)-invariant. □ 



Proposition 3.6. The sl(2) -relative cohomology spaces Hj iff (osp(l|2), sl(2); 3a, v;(1 ) are all 
trivial. That is, any 1-cocycle T is a coboundary over osp(l|2) if and only if its restriction to 
s[(2) is a coboundary over sl(2). 

Proof. First, it is easy to see that any 1-cocycle T G Z\ m (osp(l|2), vanishing on 
s((2) is s((2)-invariant. Indeed, the 1-cocycle relation of T reads: 

{-1)\ F W T \X F ■ T(X G ) - (-l)^ F ^X G ■ T(X F ) - T([X F , X G \) = 0, 

where Xp, X G G osp(l|2). If T(Xp) = for all Xp G s((2) then the previous equation 
becomes 

X F ■ T(X G ) - T([X F , X G ]) = 

expressing the sl(2)-invariance of T. Thus, the space Hj iff (osp(l[2),sl(2); £>a,i/;^) is nothing 
but the space of cohomology classes of 1-cocycles vanishing on s[(2). 

Let T be a 1-cocycle vanishing on s((2), then, by the 1-cocycle condition, we have: 

X f ■ T(X he ) - T([X f ,X he }) = 0, (3.22) 
Xhxe ■ ~£{Xh 2 e) + X h2d ■ T(X hl9 ) = 0, (3.23) 

where / G and h, h±, /12 £ Mi [a;]. Here, Mn[^] is the space of polynomial functions in 

the variable x, with degree at most n. 

1) If T is an even 1-cocycle then T is decomposed into four trilinear maps: 

' n(w)«n(f A+ i)0f„ -» j- a , 

U{H) ® F x ® T v -» n(^ + i), 

k n(w)®n(^ A+ i)®n(^ + i) - n^i). 

The equation (|3.22[) is nothing but the sl(2)-invariance property of these maps. Therefore, 
the expressions of these maps are given by Lemma 13.51 in fact, the change of parity functor 
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II commutes with the the st(2)-action. So, we must have fi = A + v + k, where k + 1 EN, 
otherwise, the operator T is identically the zero map. More precisely: 
IijjL = \ + u + k where k E N* , we have 



fc-i 



T k (X eh )(9f,g) = + Y, d ^ h 'f {i) 9 {k - l ~ 1 \ (3-24) 

i=0 i=0 
k k-l 

T k (X eh )(f,9g) =J2 ( $ h f ii) 9 {k ~ i) + J2 d i h 'f {l) 9 ik ~ l ~ 1] > ( 3 - 25 ) 

fc+1 k 

T k (X eh )(f,g) = eY,cW^9 [k - l+1) +0Y J di h 'f {i) 9 {k - t \ (3-26) 

i=0 i=0 
k k-l 

T k (X 9h )(9f, 6g) = 6Y, cjhf^g^ + 9 £ dfh' , (3.27) 



i=0 i=0 



where 



d* = (i + i)(i + 2A + l)cj +1 + {k- i)(k - i - 1 + 2i/)cJ, 
df _ (j + x)(i + 2A)cf +1 + {k - i){k - i - 1 + 2u + l)cf t , 
df = (* + l)(i + 2A)cf +1 + (A; - i)(k - i - 1 + 2i/)cf , 
d^ = (i + i)(i + 2A + l)c* +1 + (k — i){k -i-l + 2v + l)cf 

and where the coefficients c\ are satisfying the recurrence formulae (|3.18l) . 
If fj, = A + v — 1, we have 

T-^XohWf, g) = T^(X 0h )(f, 9g) = T^(X eh )(9f, 9g) = 0, 

T^(X e h)(f, g) = c 3 9hfg. 

If fj, = A + z/, we have 
To(X eh )(ef, g) = clhfg, T (X eh )(f, 9g) = c 2 hfg, T (Xg h )(9f, Og) = 9c 4 hfg, 

T (X eh )(f, g) = 9[4hfg' + clhfg + (2Ac? + 2uc 3 )h'fg}. 

The maps must satisfy the equation (|3.23|) . More precisely, the maps T k satisfy the 
following four equations 

\9h l {T k {X h2d )U9,g))' +fi9h' 1 T k (X h2 g)(fe,g) + T k (X h2d )(\hif,g) 

-T k (X h2e )(f9, 9(\h x g' + vh\g)) + (h x <-» h 2 ) = 0, 

k {X h2e ){f,ge))' + f ,9h' 1 T k (X h2e )(f,g9) + T k (X h2 e)(9(lh 1 f' + Xh l 1 f),g9) 

+T k (X h2 e)(f, \h x g) + (hi <-» h 2 ) = 0, 
\h x d e {T k {X h2 g){f,g)) +T k (X h2d )(9{\h 1 f + \h' l f),g) 

+T k (X h2d )(f, 9(\h ig ' + vh' l9 )) + (hi <-> h 2 ) = 0, 
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\hxd 6 {T h {X h2 6){f9,ge)) +r k (X h2 e)(±h 1 f,g9) 

-T k (X h26 )(fe, \h x g)) + (h ~ h 2 ) = 0. 

By a direct, but very hard, computation we show that Tfc is a coboundary. For instance, 
A g" {0, — |, —1, . . . , — f }, we check that = 5B k where 

B k (fo + ho, 9 o +91 e) = eY J (-iy ( k - z 1 ) ( 2 " + -- 1 ) ( 2 \ +i )"/f.r ) - 

2) Similarly, if T is an odd 1-cocycle then T is decomposed into four components: 

n(w)®n(f A+ ,)0n(^i) t» 
n(w)«n(f A+ ,)0f, " -» n(jp + i), 

n(H)®^ A ®nV lM -i) - n (^+J)- 



The equation (|3.22p is nothing but the sl(2)-invariance property of these bilinear maps. There- 
fore, the expressions of these maps are given by Lemma [3. 51 So, we must have \x = X+v+k— i, 
where fc G N, otherwise, the operator T is identically the zero map. Il^ = \ + v + k— | 
where fc € N, we show, as in the previous case that T is a coboundary. 

□ 

Lemma 3.5. Up to a coboundary, any 1-cocycle T G Z^ ifr (o5p(l|2), D 

A,i/;/i) invariant with 

respect the vector field X\ = d x . That is, the map T can be expressed with constant coefficients. 

Proof. The 1-cocycle condition reads: 

Xt ■ T(X F ) - (-l)\ F W r \X F • Tpfi) - TQXuXp]) = 0. (3.28) 

But, from Theorem 13.11 up to a coboundary, we have T(Xi) = 0, and therefore the equation 
(I3.28|) becomes 

X 1 -(T(X F ))-T([X 1 ,X F ]) = 
which is nothing but the invariance property of T with respect the vector field X\ = d x . □ 

4 Proof of Theorem 13.11 

First, according to Proposition 13.41 Proposition 13.61 and Theorem 13.41 we easily check that 
the following statements hold: 

i) The space H^ iir (osp(l|2),£) V;M ) is trivial if 2(ji - A - v) + 1 g N. 

ii) The space H^ iff (asp(l|2), T>\^-^) is even if \i — A — v is integer and it is odd if /i — A — v 
is semi- integer. 

Proposition 4.1. Let T G Z] iff (o5p(l|2), S) A ,^), k G N, h G Ri[x] and /, 5 G C°°(R). 

Ifix-X-v = k then, up to a coboundary, T(X dh )(9f,9g), T(X eh )(f,9g) andT(X eh )(9f,g) 
are k -homogeneous and T(Xgf l )(f, g) is (k + 1) -homogeneous. 

b) If |U — A — v = k — | i/ien, up to a coboundary, T(Xgi l )(f, g), T(Xgf l )(f,9g) and 
T(Xgf l )(9f,g) are k-homogeneous and T(Xgf l )(9f,9g) is (k — 1) -homogeneous. 
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Proof. Let fi — A — v = k. Up to a coboundary, the operator T(Xgh) is an odd map. 
Therefore, the elements T(Xgh)(0f, Gg), T(Xgf l )(f, ■ ■ ■ are all homogeneous (even or odd). 
Thus, the actions of Xf and X^g on these elements are also homogeneous, see (|2.3p . 

Now, for h = x and f = x 2 , the equation (|3.22p becomes 

X x 2 ■ T(X x g) = X x g ■ T(X X 2). 

So, using Lemma 13.31 and formulas (|2,3p . we obtain the statement a) for h = x. Besides, we 
use again the equation (|3.22p but for h = 1 and / = x. The statement b) can be proved 
similarly. □ 

Now, we explain our strategy to prove Theorem 13.11 Consider T G Z^ iff (osp(l|2),2)^ ji/;At ) 
where 2(/i - A - v) + 1 G N. That is, 

H — A — v = k or n — A — v = k — | where G N. 

For instance, in the first case, the cohomology space is even, therefore, the restriction of T 
on s[(2) is with values in (£>a.j^)o which is isomorphic, as sl(2)- module, to 

while the restriction of T on H(l~i) is with values in (£>a,v;^)i which is isomorphic, as sl(2)- 
module, to 

n ( D A,^+I © Da+1,,+1^+1 © Da^+1;m © D A+I,, ;M )- 
Now, according to the decompositions (I3.16P and (I3.17p . we have 

H 1 (s[(2), S) A ,^) = H!( S l(2), D A ,, ;At © D A+ i )I/+ i iAt © D v+ i © D A+|) „ ;M+ i) 

etf^.nCD^i ©D A+ i iV+i . M+ i ©d Ai , + i. m ©d a+|i ^)). 

Thus, the restriction of T to st(2) is, a priori, described by Theorem 13.11 while the general 
form of the restriction of T on 11(7^) is given by Proposition 14.11 Finally, the operator T will 
be completely given by the 1-cocycle conditions. 

Hereafter, F = f + f x and G = g + gi 9 where /„, g , h, gi G C°°(R). 



Case 1: (A, v, /i) is weakly super resonant with /i-A-v = Hl6N. In this case, we 
describe the restriction of T to sl(2) by using the 1-cocycles (13.10p . (|3.1ip and (13.12p . 

a) Let (A, v) ^ (— | , — |) where s, i G {0, 1, . . . , k + 1}. In this case, the 1-cocycle T is 
even and (if, for instance, A ^ — |) its restriction to sl(2) is given by 

T(X h ,F,G) = ai<Xi(X h , f , g ) + a 2 a 2 (X h , f x ,g{) + 9a 3 a 3 (X h , f\, g Q ) + 9a.±a±{X h , f , gi) 

where a x , a 2 , &3, ay G E and the maps oi, a 2 , CI3, 04 are as in (|3.1U|) . For instance, the 
expression of a 2 can be deduced from (|3.10p by substituting respectively A + ^, v + ^ and 
k — 1 to A, v and A;, see (|3.16p . From the relation 6T(Xh , Xi %1 g)(F, G) = we deduce that 

a 4 = ai, 2A 03 = (2A + k + l)ai and 2A a 2 = — (k + l)a x . 
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Thus, according to Proposition 13.61 we have dimH 1 (osp(l|2), (35 a,^)) < 1- Now, using 
Lemma 13.51 Proposition 14.11 the isomorphism (|3.16p and the 1-cocycle relations, we extend 
T to H(7i.). More precisely, we prove that we can choose 



t(w,g)-«,w(I:(*+ 1 ) { 2 "t k ) (T)" 1 



2A 

i=l 



Thus, in this case, dimH 1 (osp(l|2), (Da,^)) = 1- 

b) Let (A, z/) = (— |, — ~) with s, i G {0, 1, . . . , fc + 1} but s + t < k. As in in the previous 
case, the restriction of T to s 1(2) is given by 

T(X h ,F,G) = aid (X h Jo,9o) + a 2 a 2 {X h , f h g{) + 9a 3 a 3 (X h , f u g ) + 6»a 4 a 4 (X h , / , gi) 

where ai, a 2 , a 3 , a 4 E R, but here the maps d, dj CI3, d are as in (|3.12p . By using again 
the 1-cocycle relations we prove that 

Q 2 = -^«3 «4 = -ff^a 3 ai = -|f^fa 3 . 



We prove that T can be extended to H(Ti.). For instance, we can choose 

T(X M ,F,G) = -i5H9V((t - i + 1) £(-!)' (* + *) (* 7!;! 1 ') rf'sS'-" 

i=s 

Thus, in this case, dimH 1 (o5p(l|2), = 1. 

The case /i— A — 1/ = fc+ | where (A, 1/) ^ (— §, -~) or (A, z/) = (— |, — |) but s + t < k + 1 
with s, t E {0, 1, . . . , k} can be treated similarly. For instance, let (A, v) ^ (— |, — |) where 
s, t £ {0, 1, ...,/c + 1}. The 1-cocycle T is odd and (if, for instance, A 7^ — |) its restriction 
to s((2) is given by 

T(X h ,F,G) = 9axai{X h ,f ,g ) +0a 2 a>i(X h ,f 1 ,g 1 ) + a 3 a 3 {X h ,f 1 , g ) + a 4 o 4 (X h , f , g x ) 

where a\, a 2 , a 3 , 04 E R and the maps d> <*2 , d> d are as in (|3.10j) . For instance, the 
expression of d can be deduced from (|3,10p by substituting k + 1 to k while the expression 
of 02 can be deduced from (|3.10p by substituting respectively A + | and v + ^ to A and v, see 
(|3.16p . From the relation 5T(Xh ,Xh 1 e)(F,G) = we deduce that 

Q 2 ~ " 2^+fc+i a i» "3- 2i/+fc+1 ai and a 4 - 2i/+fc+1 «i 
and we prove also that T can be extended to H(TC). 
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Case 2: (A, v, //) is super resonant: \i — A — u = k + 1 where (A, u) = (— |,— |) with 
s, i € {1, . . . , fc} and s + i > k + 1. In this case the map T| s[ ( 2 ) can be decomposed as follows: 
T U(2) = B + C + D where 

B(X h ,F,G) = fc^^V 

C(X h ,F,G) = 7lCiOXfc,/o,5o) + 72C 2 P0>, A,5i) + 073C3(^fc, 7i,5o) + Ol<LC<i(X h , fo,9i), 
D{X h ,F,G)=S 1 MXhJo,go) + S 2 MXhJi,9i) + eS 3 d 3 (X h J u g ) + 05 4 MXh,fo,9i) 

where the Cj and the 9j are as those defined in (13.141) and (|3.15j) . By the 1-cocycle relation: 
5Y(Xh , Xf ll g)(F, G) = we prove that 

74 = 7i, <5i = <5 3 , tSi = (t - k - l)Si S73 = (s — k — 1)71 • 

S72 = (k + 1)71, -W2 = (k + l)Sx. 

As before, we prove that a such 1-cocycle defined on sl(2) can be extended to osp(l|2). Thus, 
we have dimH 1 (osp(l|2), (D x^)) = 6. 

The case: fi — X — u = /c + § where (A, v) = (— f , — |) with s, f G {1, ... and s+t > k + 2 
(super resonance case with /j, — A — v semi integer) can be treated similarly and we get the 
same result. 



5 Singular cases 

Finally, we complete the study of the spaces H^ ff (osp(l|2), Sa,^) by considering the cases 
(A, v, fi) which are neither super resonant nor weakly super resonant. We know that the non 
vanishing spaces H^ ifr (o3p(l|2), l S)x,v;^) only can appear if 2(/i — A — v) + 1 E N, thus, we 
consider the following two situations: 

A. Let fj, - A - v = k + 1 where k G N and (A, v) = (-§, -|) with s, t G {0, . . . , k + 1}. In 
this case the cohomology space is even and then we have to consider: 

(A 5 i/,/i), (A + \,v + (A + |,z/,/i+ |) and (A, v + |, /i + ±). 

The cases for which (A, /u) is neither super resonant nor weakly super resonant are: 

(i) s + t = k, in this case only (A, u, fi) is resonant. 

(ii) s G {0, . . . , k} and t = k + 1, in this case only (A, f + 5, ^ + ^) is resonant. 

(iii) s = A; + 1 and £ G {0, . . . , k}, in this case only (A, v + 5, M + 5) * s resonan t- 

B. Let /x - A - ^ = k + | where /c + 1 G N and (A, u) = (— §, -f ) with s, i G {0, . . . , k + 1}. 
In this case the cohomology space is odd and then we have to consider: 

(A + \, v,n), (A, v + (A, + and (A + |, 1/ + |, n + \). 

We have to distinguish the following cases: 

(i) (s, t) = (k + 1, 0), in this case only (A + ^, z/, /i) and (A, ^, /i + ^) are resonant. 

(ii) (s, t) = (0, k + 1), in this case only (A, ^ + ^, //) and (A, z^, /x + ^) are resonant. 

(iii) s + i = k + 1 with si 7^ 0, in this case only (A + ^, v + i, ^ + i) is non resonant. 
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(iv) s = t = k + 1, in this case only (A, u, /x + 2 ) and (A + ^ , f + 2, A* + 2) are resonant. 

(v) s = fc + 1 and t G {1, . . . , k}, in this case only (A, v + ^, fi) is non resonant. 

(vi) t = k + 1 and s € {1, . . . , A;}, in this case only (A + \, v, /i) is non resonant. 



Theorem 5.1. Let (X,v,fi) be neither super resonant nor weakly super resonant. 

s _t 
'2' 2 



foj///j-A-i/ = HleN* and (A, v) = (-§, -§) urctfi s, t G {0, . . . , fe + 1} i/ien 



Hi ifr (o S p(l|2),S) Ai 



i/ s + A = Ac, 

if s = k + lort = k + l with k + 2 < s + t <2k + 1. 



(b)Iffj,-\-i/-± = k + leN and = (-§, -|) wi/i s, i G {0, . . . , Ac + 1} then 

Hi iff (o S p(l|2),S Ai ^)^ 



53 if s = k + lort = k + l with k + 2 < s + t < 2k + 1, 

3 if ( s ,t) = (0, k + 1), (k + 1,0) with k^ -1, 

2 if s = t = k+ lors + t = k + lbutst^O, 

if k = -1. 



(cj Otherwise Hi ;ff (osp(l|2), J)^) = 0. 

Proof. Recall that if 2(fi - A - v) + 1 £ N then H^ iff (osp(l|2), Sa,^) = 0. Thus, assume 
that 2(/x - A - 1/) + 1 G N. 

1) Even cases: \i — A — v = k + l where k G N. 

i) (A, = (-§, —^5^) with s E {0, . . . , k}. The restriction of T to sl(2) is given by 

0<i<s ^ ' i=s+l ^ ' 



?(X h )(9f,eg) = a 2 tifWgV<-\ ?(X h )(0f,g) = 6a 3 h' f^g^ s+1 \ 
T(X h )(f,6g)=ea 4 h'f( s+ ^g( k ~ s \ 
As before, the 1-cocycle condition gives: 

T(X h )(F, G) = a 2 (h'f[ s \t S) + Qh! (ft^^ ~ f^'^)) > 

that is a = 6 = «i = and «3 = —04 = —02- We check that T can be extended to H(Ti.) and 
we deduce that dimH 1 (osp(l|2), (2)a,i^)i) = 1- 

ii) (A, z/) = (— |, — ^yi) with s G {1, . . . , k}. The restriction of T to sl(2) is, a priori, given 
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by: 

fc+1 



T(X h )(f,g) = ai £ (^ s ^WV fc+1 - l) , 

t=s+l ^ ' 

T{X h )(0f,0g) = aa^^r^W^, 



fe+1 



i = s 

T(x h )(f,e g ) = eU £ (< - 7- 1) fc, / w ^ fc+1 "° + «^7s w + ^7s (fc+1) ) 

The 1-cocycle condition: <5(T)(Xr, .Xg) = gives: 

«6 = a 4 = an d ai = — «2 = a 3- 
We easily check that T can be extended to 11(H), therefore dimH 1 (osp(l|2), S Ai/ .J = 2. Of 



course, we have the same result if (A, v) = (— Njr, — §) where s 6 {!,..., fc}. 



2) Odd cases: /i-A-y + i = fc + 2eN and (X,u) = (-§ , -|) with s, t G {0, . . . , £;+ 1}. 

i) Let k = —2. Here we are in the situation (c) of Theorem 15.11 Obviously, in this case, 
(A, v, fi) is neither super resonant nor weakly super resonant. The restriction of T to sl(2) is, 
a priori, given by: 

T(X h )(F,G)=a9h'f g , 

where a € R and h £ R2[ic]- The 1-cocycle condition: 5(T)(X X , Xg) = gives the following 
equation: 

x(T(X e )(f ,go)y - T(X e )(xfig ) - T(Xg)(f ,xg' ) + ^afogo = 0. 

Thus, we have a = since ^a/o5o is the unique term in /ogo m the previous equation. By 
Proposition 13.61 we deduce that, in this case, }i^ iS (osp(l\2),D\ M -^) = 0. 

ii) Let k = —1. In this case, (A, V-,n) is neither super resonant nor weakly super resonant 
if and only if (X,u) = (0,0). So, let (A, v) = (0,0) and consider the restriction of T to sl(2) 
which is, a priori, given by: 

T(X h )(F, G) = h'[aifig + a 2 fogi + a 3 6 f g' Q + a^Bf' g + a 5 6figi] + a 6 9h"f go- 

The 1-cocycle condition: 6(T)(X X , X$) = 0, gives 

OL\ = «2 = — «3 = — «4 = — CtQ, a§ = 0. 

The restriction of T to II(7Y) can be given by 

T(X hl g)(F,G) = 9a 4 h' 1 FG. 
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Thus, dimHjjg (osp(l|2), Dx^n) = 1- This proves the situation (b) when k = — 1. 

ii) Let (A, v) = (-^, -^p) where k G N*. The restriction of T to s((2) is given by 
T(X h )(F, G) = 9{oc x h"f gf +1) + a 2 h' f Q g {k+2) + a 3 h> fg* +2) g + Pih" f l9 [ k) 

where a x , a 2 , a 3 , /?2j /%> 7, £ G R. From the relation dT(Xh ,X/ ll g)(F,G) = we deduce 
that: 

T(X ft )(F,G0 = e^h" f Q g$ +l) + fcti> fxg?). 

We check that T can be extended to n(W), therefore dimH ( 1 lifr (osp(l|2), T>\ tU ^) = 2. 

hi) Let (A, v) = (— ^1, — |) where G N* and f G {1, . . . , A;}. In this case the map T| s[ ( 2 ) 
can be decomposed as follows: T| s[ ( 2 ) = B + C + D where 

B(X h ,F,G) = h"mst^9f +0(hf?- t+1) 9t 1) +Mt t) 9 ( i\ 
C(X h , F, G) = fryxaiXh, f ,g Q ) + 6 l2 c 2 (X h , f 1}9l ) + l3 c 3 (X h , fi,go), 
D(X h ,F,G)=5 1 ed 1 (X h ,f ,g )+5 2 ed 2 (X h J 1 ,g 1 ) + 8 3 d 3 (X h J 1 ,g ) + a 1 a 1 (X h ,f ,g 1 ) 

where the q, the are as those defined in (|3.14p and f)3. 15|) and 01 is as in (|3. 10|) . By the 
1-cocycle relation: ST^X^, Xf ll Q)(F, G) = we prove 

A A A (k + l-t) -t 

01 = -02 = -03 ) 73 = ; — — : «i, 72 = 7— r «i, 7i = -«l- 

K + 1 K + 1 

We prove also that T can be extended to IL(H). Thus, dimH 1 (o5p(l|2), u;/j,)o = 5. Simi- 
larly, we study the case (A, v) = (— |, — where fc G N* and s G {1, . . . , k}. 

iv) Let (A, v) = (— |, — k+ l~ s ) where k G N* and s G {1, . . . , k}. In this case the map 
T| s [( 2 ) can be decomposed as follows: T| S [( 2 ) = B + C + D where 

B(x h ,F,G) = h"(p 1 ft 1) gt s+1) +fhfPst' ) + wf'V). 

C(X h ,F, G) = 6a°MX h , f ,g ) + a\c 3 {X h , h,g ) + al2c 4 (X h , /„, g x ), 

D(X h ,F,G) = at9Di(Xh,fo,9o) + a\d 3 {X h , f 1; g ) + o$? x {X h , f , 9l ) + a 3 ai (X h , f lj9l ) 

where the a, the Dj are as those defined in (|3.14p and f)3. 15j) and 03 is as in (|3. 10[) . By the 
1-cocycle relation: 5T(Xh , Xi ll g)(F,G) = we prove: 

Uk + 2)(3 2 = -(&- 5 + 1)04 

\(k + 3)A = -s/3 4 

We prove also that T can be extended to II(?^). Thus, dimH 1 (osp(l|2), ©a,i/;^)o = 2. 

□ 
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